A Noninformative Prior Bayesicliie S ssgss
Approach to Reliability Growth PissYECueR™ = =

Army Conference on Applied Statistics

October 2004

Dr. Paul Ellner; paul.m.ellner@ugt

J. Brian Hall; brian.hall@us.army.mrlﬂ




£ |
(AMSAA Outline

* Problem/Assumptions.

e Outline of Approach to Failure Rate Projection.

 Interpretation of Posterior Mean.

e Parsimonious Model for Expected Number of Modes by t.

« Reliability Projection using Parsimonious Model Approximation.

« Reliability Projection based on Maximum Likelihood Estimators (MLEs).
« Reliability Projection based on Method of Moments Estimators (MMEs).
* Noninformative Prior Bayesian Approach w/ A and B-Mode Classification.
e Simulation Description and Results.

» Cost versus Reliability Tradeoff Analysis.

« Extensions of Approach where not all Fixes are Assumed Delayed.

e Concluding Remarks.



4

m Problem and Assumptions.

SN U R

Problem: Assess impact of delayed corrective actions (fixes) at
completion of test phase.

Model Assumptions:
1.

k potential failure modes where k 1s large.

Each failure mode has constant failure rate over test phase.
Occurrence of failures due to modes are statistically independent.
Each failure mode occurrence causes system failure.

Corrective actions are implemented at end of test phase.

At least one failure mode has a repeat failure.

Mode failure rates are a realization of a random sample of size k
from a gamma distribution with density

f(X) =+

L

x“e_yﬂ
a+l A2 0’
MNa+)p
0 otherwise

wherea > -1, >0




A
m Outline of Approach.

True system failure rate after corrective actions to observed failure modes in test
denoted by p(T), given by,

p(M) =D (1-d)4+ > 4

icobs ieunobs

1. For each observed failure mode, assess fix effectiveness factor (FEF) d. by d
Assessment based on analysis of failure mechanism(s) that give rise ton. > 0
observed failures due to mode.

2. For each 1eobs and 1eunobs, assess unknown mode failure rate x.€ {1,,...,A,}
based on observed data o..

a) Using noninformative prior, u(A,)=1/k for i=1,...,k, obtain posterior density g(x.|o.)
for X..

b) Obtain expected value of posterior, denoted by E[X |o.]. Will be in terms of k and
Xiseoanly:

c) Express E[X|o.] in terms of recognizable quantities that can be represented by a
parsimonious model.

d) Statistically estimate parameters of model.

e) Express projected failure rate in terms of estimated model parameters based on
assuming k potential failure modes.

f) Find the limit of the finite k failure rate projection as k = oo.

b
i .




m Posterior Mean.

Observed mode ieobs has unknown failure rate x.e{A,,...,A, }.
Let o=(t; ;,...,t; . ) denote observed sequence of cumulative failure times due to mode i,

where O<t < <1t BF
Let L(o, |x) hkehhood for o, given x::

Nj
(s —t: =X (T=t; 1. S
L(OI | X|) [I I Xi {e Xi (i ) tl,ll)}jle Xi (T=tin) :Xinle xiT Where ti’o 10
=1

Thus,
L(o, | X, ju(x. x["e "
g(x |o,)= k{ (1% Ju(x) = - for x, e {4,,..., 4 }
D Lo [A)u(d;) D Aje™
j=1 j=1
and
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m Posterior Mean Continued.

Consider unobserved failure mode icunobs with unknown failure rate x.e {A,,...,A, }.
Let o, denote the observation that n, = 0. Let L(o,|x;)= likelihood for o, given x.. Then,

L(o, | x)=e""

AT e CCAE S TG VSRR

k
> L(0; | A)u(4;) e '
i=t j=1

k
4T
e_llT Zil 5
L — 1=1
k k
Ser| S
j=1 j=1

E(X; |0i):i/1|

From I. and II., since n, = 0 for icunobs,

k

Z ﬂ/rl +1e—/1|T

E(X;|0) =" TOPI=I K,

J

j=1




m Interpretation of Posterior Mean.

Let M(t) = number of distinct failure modes surfaced during test by t.

if modeioccursbyT
otherwise

M(t) = Zk: I, (t) where |, (t) = {1
ut)y=E[M@®)]= Zk:E HOIE Ze " Thus
Let h(t):%. Thus h(t):Z;/ije_ i
=
h®(t) = (—1)§k: e
j=1

k
hOt)=(-1)*Y L™
j=1

k
j=1




m |nterpretation ofi Posterior Mean

Continued.

For i€obs, this yields,

k (nj)
Zﬁriﬂe—lﬂ {h(_l)(;ll-)} h(ni)(T)
E(Xi |0i): = + =

e {h”m} g
(=D*

Ae AT
EAET

Fori eunobs, E(X; |0;) ==

e k= u()

Let p*(T) denote the assessed projected system failure rate based on the mode failure rate
assessments x.” = E(X;|o,) for i=1,...,k, Then,

: - * o @) h(™)
pIT)=D A=d))x + D x =Z(l‘di){‘ W}Jr(k_m)(k,u(ﬂj

icobs ieunobs icobs

where m = number of modes surfaced by T.




m Parsimonious Model for Expected Number
of Viodes by t.

Recall expected number of modes by t given A 3 (Aps.- A 18
pt; D) =k=> e
i=l1

We shall assume A,,...,4, is a realization of a random sample from a gamma distribution with

density
x“e /7
¥ e —  forx>0;
(X)=1T(a+1)B
0 otherwise

&

Let A,...,A, be independent identically distributed gamma random variables with density f(x).
Consider u(t; A) where A=(A,...,A,). We shall approximate u(t;A) by u, (t;a,8)=E[u(t;A)], the
expected value of u(t;A) w.r.t. A. Can show (AMSAA Growth Guide)

w (o, B)= k{l—(1+ﬁt)—(a+1)}




m Model Approximation for Posterior Mean.

We shall use y, (t;,8) and its derivatives to approximate x;" = E(Xjo;) for i=1,....k. Let
ALEE[A [+ A =kB(a+]1).
: _duGa,p) A
Define h(ta, B) = = 2"
dt 1+ )«

(D@ +2)A4,p
(1 i ﬁt)a+3
(-1)*(a+2)(a+3)A4, B°
(1 i ﬂt)a+4

Note, h’(t;a, ) =

h?(ta, p) =

(_1)ni_1(a+2)'”(a+ni)ﬂ'kﬂni_l
(1+ﬂt)a+ni+l

Let X*i,a’k denote the approximation of x," = E(X}|o,) based on using w, (t;a,8)=E[u(t;A)] to
approximate u(t;A). Thus
"' (T;a,p)
g fori e obs;
; B

Xiak =9
hk (Taaaﬂ)
\k—lle(T;Ol,ﬂ)

h" (e, B) =

for1 e unobs




Model Approximation for Posterior Mean
Continued.

x a+n +1
For iEObS, Xi,a,k = ( 1+I,HT )ﬂ

(5
(I+ A7)

k—kjl—(1+gT) @}

S i,a,k =
For ieunobs :

. kKB(a +1)
(1+ A1) k(1+ AT)

_ PBla+])
Ny 1+ 4T




m Reliability Projection usingthe

Parsimonious Model Approximation.

Let p”, (T) denote the failure rate projection based on the d”; for icobs and the x*; | fori=1,.. k.
Thus,

Par (M) =D 1=0)X + D X ok

icobs icunobs

1
This yields, Pas(T) = .;bs(l d ){(a:n ;T )ﬂ} L ){ﬂl(a,;Tl)}

- o @+n+D)p -
_i;bfl d‘){ 1+ 4T }( ){Hm}




[
m Reliability Projection based on the
MLES for Gamma Parameters.

Shall use MLE’s for gamma parameters given data m and n=(n,,...,n,). Let N, denote
the random variable for the number of failures due to mode 1 that occurs during [0,T].
Let w(s;;,B) denote the marginal density for the compound random variable N.. Then

[Martz & Waller]

TYT(s; +a+1)

{Si BT (a + 1)}(1- + %Bjsi ratl

fors, =0,1,2,...

W(Si;aaﬁ) r




m Reliability Projection based on the MILES for
| Gamma Parameters Continued.

Likelihood for (a,8) given m and n isk
L(a, fsm,n) = | [w(n;;e. B). Note n, =0 fori e unobs
i=1
Assummg k potential failure modes, let ¢, ,Bk denote the MLEs for a, S, respectively. Also let
/7, = kﬁk (&, +1) . Can show (Martz & Waller, Chapter 7)

/i —Where n= Zn and,Bk = where( Jln(l+ V) — ZZ : =
U jeobs i=1 1+(Iky%)
The inner sum is defined to be zero when n= I

From the above equations can find (4, 5, ) = hm(ﬁk , ,Bk Q)

A n
Note A =— and ﬂ = Yo —2 where y_, 1s the unique positive solution y that satisfies

T T
[3} In(1+Yy)=m. It follows that 5[00 =—1.




m Reliability Projection based on MLES for
i Gamma Parameters Continued.

Y E3 A ~
For i=1,... .k let Xi,k denote the statistical estimate of X; , | based on the MLEs &, 5 for a, B,
respectively. Let p,(T) denote the projected failure rate assessment obtained from p: (T) by

replacing a, 8 and A, by ¢, , ﬁk and ik =k :ék (O}k +1) , respectively. Thus

p(T)= Z(l di)%i + Z)A(i,k

icobs ieunobs

. a, +n +1
By definition X G ), fori=1,..,k
Therefore, 1+ IB k

o e Z(l_di*){(o?k +niA+1),ék}+ Z {(&k +A1)'8"}

icobs 1+ ﬂkT ieunobs 1+ ﬂkT

_Z(l d )[ J[(ak+n +l)j+(k_m)< ﬁk(o?liﬂ)}
icobs 1+18k T L 1+ﬁkT

-3 a- d>[f J(“”“k“)j | T J

ieobs 1+ﬂkT

since k:ék (&k + 1) - %




m Reliability Projection based on MLES for
| Gamma Parameters Continued.

h n
a, +1=—
Note & BT Therefore,

0 = e :ékT n n ! %
pkm_i;bs(l di)(1+ﬁij(T+kﬁkT2]+(l %{nm]

This yields,

icobs

> . A . !;OOI nl /II
> ) k1—>oo'0k ) Z( ')[1 l /tw J( I ) [ }




Reliability Projection based on MMES for
Gamma Parameters

Let A and M2 denote the random variables that take on the values A and m?2 respectively where

T i kK o . < n
A== Aandm’ = Z/ﬁwith/%i:?'
ﬂ2(a+1)[T(2+a)+yﬂ}

One can show E[A;a, B]= f(a +1) and  E[M?a,f]= T

In [Martz and Waller], the MMEs for o and 3, denoted by 5k , Ek respectively, are implicitly
defined as follows: &
pi (@, +1>{T<2+&k>+/ﬂ~ }
k

From these equations it follows n2

2 =B (& +1)and m? =




Reliability Projection based on MMES for
Gamma Parameters Continued

Let (ﬂ:o, ,B;o) = &im(zk,ﬁk) . One obtains 2 :n
A, =—andf, == _]
T T n

Let 5k (T) denote the projection for the mitigated system failure rate based on the finite k MME:s.

Then
N SN %
AM=30 d»(l i J[T T J (- rV{Hﬂk J

= = E —d, = = s
2= A ')(1+ﬂwT](Tj+[1+ﬁwT]

icobs




A
m Noninformative Prior Bayesian Approach
with A and B-Mode Classification

- A-mode: no corrective action planned even if surfaced.

- B-mode: if surfaced, will be mitigated.

Approach still applies for two failure mode categories. Apply previous procedure to set of B-
modes to obtain projection of system failure rate due to the B-modes, say p, (T).

The prior now pertains to x,€ {A,,...A, }, the initial failure rates of the k B-modes. Likewise,
the data m and N; pertain to the B-modes.

Then the projection for the system mitigated failure rate using MLEs is

A N %
Paspx(T)= TA+ P (T)

N

,[7A+B,oo(T) = %i_{?of)ms,k(-r) - ?A"‘,boo(-r)

where N, denotes the number of A-mode failures 1n test.

and

The same comments apply to obtaining projections for two classifications using the MMEs for
o and .




Simulation Overview:

The simulation consists of the following steps:

1.

2
3.
4

Specify inputs Simulated surfaced Distribution
i L-Modes 50 =3 & amma
Generate failure rates. B-Modes 100 43 Gamma

Calculate mode failure times. Table 1. Simulated/Surfaced Modes.

Calculate first occurrence times and number of failures during test for
each mode.

Generate FEFs from beta distribution with mean = 0.80 and
coefficient of variation = 0.10.

Calculate MTBF projections. A-Modes B-Modes
Shape - o 3.3333 3.3333

Reclassify repeat A-modes. Scale - B 0.0002 0.0002

o Table 2. G P ters.
Recalculate MTBF projections. s RN < g TR ELETS

*Results obtained from simulating 1,000 tests of length 1,000 hours.

*Mode failure rates and FEFs regenerated for each test.

Slide No. 20



Simulation Results (Gamma)

Actual MLE <o MME <o A-C
MTBE 14.15 13.54 13.42 13.286

Table 3. Two Categories.

MLE <= A-C MME o A-C MLE <= MME o
660 34.0 S9.6 40.4 62 .0 38.0

Actual MLE @ MME <o
MTEF 14.15 12.82 12.41 13.22

¥
o!

Table 4. One Category.

>

MLE @ A-C MME o - MLE @ MME o
67.2 32.8 62 .7 37.3 64 .8 35.2

motual MLE = MME o A-C
MTEBF 15.43 15.54 14.73 15.05
Table 5. Twocg:ategories, after Reclassification.
——
>
MLE o A-C MME <o A-C MLE @ MME <o
8 mOdeS I‘€C121881ﬁed 60_5 35.5 51.7 48_3 S8.8 41 .2

on average.



Simulation Results (\AWeibull)

Aotual MLE <o MME co L-C
MTEF 14.31 13.55 13.45 13.25

Table 6. Two Categories.

o
o B
|
(W)
Lo
fad
lp!
=Y
o
% 2
&=
~1
=
[l |
9!
ad
o
= e
&l
[

MME o
35.4
Actual MLE e MME o n-C
MTBF 14.31 13.5%8 13.46 13.27
Table 7. One Category.
MLE oo A-C MME oo A-C MLE oo MME oo
658_9 31.1 62.1 37,5 65.5 34.5
Actual MLE < MME <o n-C
MTEF 15.67 15.65 14._ 82 15.20
Table 8. Twocg:ategories, after Reclassification.
——
>
MLE <o A-C MME oo A-C MLE <o MME <o
557 40.3 48 _7 51.3 60.6 35.4

& modes reclassified
on average.




£
. m Cost versus Reliability Tradeoff Analysis

Let Zcobs be a candidate set of observed modes to receive fixes following the test phase.
Based on a study of the underlying root causes of failure, fixes could be devised with
associated FEF assessments d.” for icobs. The corresponding projection for the resulting
system failure rate would be for large k (using MLEs for a and [3).

P(T;2)= Z(l_di*))zi,oo & Z)A(i,oo 7 Z)A(i,oo

ieZ icobs—Z ieunobs

One could also assess the cost, ¢*(Z), of implementing all the fixes for modes ieZ.

A plot of the projected MTBF vs. associated cost for a number of selected Zcobs would be
useful in identifying a least cost solution Z to meet a reliability goal. In place of using
MLEs, one could use MME based assessments.

Projection methods whose estimation procedures for a given data set treat A-mode and B-
mode data differently beyond differentiation with regard to FEFs are not suitable for
performing cost/reliability tradeoff analysis. Such methods include those that utilize an
estimate of the expected B-mode failure rate due to the unsurfaced B-modes.




L
m Extensions ofi Approach to Situations
where Fixes Need Not be Delayed

[. Using the n. for estimation.

3 Unknown mode failure rate x,e {A,...,A, } either generates observed data n.=0 or
(tll’ 9 1n1 V1’1:1n A9 20 1n2) Where O<t11 <t SV <tln +1<t ST

For the above data, n; | > 1 and n, ,+n ,=n,. Thet . are the cumulatlve fallure
times for mode 1 and v. denotes the tlme at which tllle fix to mode 1 1s

implemented. W (v, +(1=d. )T - v,))
Ay E(XI |OI) h(ni_l)(Vi +(1—di)(T_Vi))
where d. denotes realized FEF for mode 1.
- The assessment of E(X;|o,) depends on v; and dj* for all jeobs.
I1. Using failure mode first occurrence times.

- Unknown mode failure rate x; either generates observed data n=0 or o=t ; where
t; , 1s the first occurrence time for mode i.

- Can show hO(t )
E(X;[0,)=- =
h(t;,)

- The assessment of E(X|o;) will not depend on any of the v, or dj*.




£
m Concluding Remarks

Noninformative Prior Bayesian Approach useful in deriving reliability growth projection
methods:

for case where all fixes delayed,

for situation where not all fixes need be delayed,

potentially for deriving discrete projection methodology.
For current simulations, described procedures compare favorably to the standard adopted
by the International Electrotechnical Commission (AMSAA-Crow Projection Model).

Method does not require one to distinguish for estimation purposes between A-modes and
B-modes other than through FEFs.

Can also be used for case when failure modes can be split into inherent A-modes and B-
modes.

Method suitable for cost versus reliability tradeoff analysis for modes that are not
inherently A-modes.

Model and estimation procedures only require reference to FEFs for surfaced modes.

Comparable simulation results obtained when failure rates drawn from Weibull or
lognormal distributions with same mean and variance as the gamma.
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