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Abstract

We consider the application of bootstrap and subsampling to cases

where biased statistics are of interest. A situation where such statistics

frequently occur, is in nonparametric estimation problems. We focus on

the case of nonparametric density/intensity estimation. An application

is the identi�cation times of maximum arrival, for instance of ships in a

harbor.

1 Introduction

A frequent statistical goal is to approximate the distribution of some func-

tional Rn = Rn(Xn; �n(P )) of the data Xn = (X1; : : : ; Xn) and some param-

eter sequence �n(P ). This is useful when constructing con�dence and predic-

tion intervals, doing hypothesis tests, among others. For instance, a con�-

dence interval for the parameter �n(P ) = �(P ) = EPX1, for i.i.d. real val-

ued random variables X1; : : : ; Xn can be obtained by approximating the distri-

bution of Rn(Xn; �(P )) := n1=2
�Xn��(P )

Sn
; where �Xn is the sample mean and

Sn = [ 1
n�1

P
n

i=1(Xi � �Xn)
2]1=2 the sample standard deviation. Obviously

P (�
 � Rn � 
) = 1�� implies that [ �Xn� 
 Snp
n
; �Xn+ 
 Snp

n
] is an 1�� con�-

dence set. Alternatively, con�dence intervals could be based on the � trimmed

mean

�Xn;� =
1

n� 2b�nc

n�b�ncX
i=b�nc

X[i]

instead of �Xn: An approximation of the distribution of

Rn(Xn; �(P )) := n1=2
�
�Xn;� � �(P )

�
leads to con�dence interval based on the trimmed mean.

As elaborated for instance in Beran and Ducharme (1991), the bootstrap

approximation of the distribution of Rn(Xn; �n(P )) is given by the distribution

of

R�
n;n = Rn(X

�
n; �n(Pn));
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where Pn is an estimate of P and X�
n
is a sample of size n from Pn. If Pn is

chosen to be the empirical distribution function, the resulting approximation is

called nonparametric bootstrap. Alternative estimates of P , like a smoothed

version of the empirical cdf or a parametric estimate of P lead to di�erent types

of bootstrap. Furthermore, if �n(Pn) is not well de�ned in a problem, it is often

replaced by a suitable estimate of �n(P ).

Bootstrap is said to \work", if the asymptotic distribution of Rn(Xn; �(P ))

is reproduced correctly, as n ! 1. This is a minimal condition for the ap-

plicability of bootstrap, stating that the distribution estimated by bootstrap

approaches the correct distribution as the sample size increases.

Unfortunately there seems to be no easy to check, generally applicable rule

to �nd out whether bootstrap works in a particular situation. However, several

examples have been found where bootstrap fails, and classes of functionals and

distributions have been identi�ed where the bootstrap is known to work. (See

for instance Bickel et al. (1997).)

An example where the bootstrap fails, is for the family of distributions P =

fP : EPX < 1g when the goal is to estimate j�(P )j with �(P ) = EX1;

and P is such that EP (X) = 0. Consider the functionals Rn(Xn; �(P )) =p
n(j �Xnj � j�(P )j). Then, with Z � N(0; �2[X1]), Rn(Xn; �(P )) converges in

distribution against jZj: The bootstrap approximation R�
n(Xn; �(Pn)), on the

other hand, converges weakly against jZ� + Zj � jZj. (See Beran & Srivastava

(1985), D�umbgen (1993).)

Subsampling (also known as m-bootstrap) provides an alternative to boot-

strap that is known to work under much weaker conditions than bootstrap does.

When subsampling is done, the distribution of Rn(Xn; �n(P )) is approximated

by that of

R�
m;n

:= Rm(X
�
m
; �m(Pn));

where X�
m
is a sample of size m from Pn:

Subsampling can be done with or without replacement. Politis and Romano

(1994) show that for a sequence of functionals of type

Rn(Xn; �(Pn)) = �n(�(Pn)� �(P ));

weak convergence of Rn against some nondegenerate limiting distribution L(P )
is suÆcient for subsampling without replacement to work, provided that �n !
1; m ! 1 and m=n ! 0. Often subsampling also works when done with

replacement. A detailed discussion concerning consistency and advantages of

bootstrap and subsampling with and without replacement can be found in Bickel

et al. (1997).

2 Bootstrap and Subsampling in the context of

nonparametric estimation problems

Here we focus on resampling applied to density and/or intensity estimation.

Intensity functions occur in the context of inhomogeneous Poisson processes,
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applications include arrival and departure times of ships etc. Nonparametric

estimates have been proposed by several authors, including Diggle (1985), Diggle

and Marron (1988), and Leadbetter and Wold (1983). See Figure 1 below for

an example involving an estimated intensity function.
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Figure 1: Estimated intensity function for ships arriving at Keelung harbor

(Taiwan) in January.

Estimating intensity functions is related to the problem of estimating prob-

ability densities. To see this, we will state the problems more formally. When

estimating intensities, we assume to have a random number N of observations

X1; : : : ; XN from an inhomogeneous Poisson process X(t) with intensity func-

tion � on some time interval. To avoid trivialities, assume that � is positive at

least on some interval. Then the intensity density �� is related to the intensity

function via

��(x) =
�(x)R t

0
�(s) ds

; 0 � t � 1:

Since conditionally on N = n, the jump points Xj have the same joint distribu-

tion as the order statistics of a sample of n independent observationsX1; : : : ; Xn

from density ��, the problems of intensity and density estimation are related.

Indeed, intensity functions can be estimated in two steps. First estimate ��

by using a kernel density estimate and then estimate a normalizing constant

(the cumulative intensity). An asymptotic analysis of the behavior of intensity
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estimates is possible in two ways. It might either be assumed that the intensity

function is periodic and that the number of observation periods increases. Or,

more technically, one might assume that there is a sequence of unknown inten-

sities �l = l� for some density � and let l!1: Both approaches lead to similar

results, but we will focus on the �rst approach involving periodic intensities.

In nonparametric estimation problems, bias is typically non-negligible. Con-

sider for instance a distribution P with twice di�erentiable density f whose sec-

ond derivative is bounded. The classical kernel density estimate on IRd for a

sample of X1; X2; : : : ; Xn of size n is given by

f̂n(x) =
1

nhd

nX
i=1

K

�
x�Xi

h

�
:

Assume that the bandwidth h is chosen of optimal order h = cn�1=(d+4): It is

then well known that �̂n[f̂n(x) � f(x)]; with

�̂n =

 
f̂n(x)

R
K2(u) du

nhd

!�1=2

has an asymptotic normal N(
f ; 1) distribution, with 
f = c(d+4)=2 Bx

V
1=2

x

;

Vx = f(x)

Z
K2(u) du

and

Bx =
1

2

X
j�j=2

D�f(x)

Z
u�K(u) du:

(See for instance Rosenblatt (1991).) Thus the bias does not vanish asymptoti-

cally.

As pointed out by Hall (1992), the bootstrap fails in this context, unless the

asymptotic bias is zero. To see why, consider the functional

Rn = Rn(Xn; �n(P )) = �̂n[f̂n(x) � f(x)]

whose distribution is of interest when constructing con�dence sets. As shown

above, Rn converges in distribution to a normal N(
f ; 1) distribution. The

bootstrap version is

R�
n
= �̂n[f̂

�
n
(x)� f̂n(x)];

with f̂�n(x) =
1

nhd
n

P
n

i=1K
�
x�X�

i

hn

�
calculated from a resample X�

1 ; X
�
2 ; : : : ; X

�
n

with replacement of size n. Since

R�
n
= �̂n[

�
f̂�
n
(x)�E�f̂�

n
(x)
�
+
�
E
�f̂�

n
(x) � f̂n(x)

�
] = �̂n[f̂

�
n
(x) �E�f̂�

n
(x)];

we see that R�
n ! N(0; 1) in distribution.
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Subsampling on the other hand gets the bias right, irrespectively whether it

is done with or without replacement. To see why, notice that the subsampling

version of Rn is given by

R�
m;n = �̂n[f̂

�
m;hm

(x)� f̂n(x)];

where f̂�
m;hm

(x) = 1
mhd

m

P
m

i=1K
�
x�X�

i

hm

�
is based on a resampleX�

1 ; X
�
2 ; : : : ; X

�
m

of size m: Now

R�
m;n

= �̂�1
m;hm

[f̂�
m;hm

(x) �E�f̂�
m;hm

(x)] + �̂�1
m;hm

[E�f̂�
m;hm

(x) � f̂n(x)]

=: Um;n + ~Um;n:

Since Um;n ! N(0; 1) in distribution, the bias is approximated correctly, if
~Um;n ! 
f in probability. But this follows since

~Um;n = �̂m [(Efm(x) � f(x)) + (E�f�m(x)�Efm(x)) + [f(x)� fn(x)]]

=
Bx

V
�1=2
x

(mhd+4
m

)1=2 + oP (1):

I.e. subsampling works, if the rate-optimal bandwidth is adapted together

with the sample size.

Notice that whereas the classical nonparametric bootstrap does not work

in this situation, smoothed bootstrap provides another alternative that works

under suitable assumptions.

In the context of intensity estimation bootstrap faces the same bias problems

as described above. See Cowling, Hall and Phillips (1996) for details. Their

resampling method 3 is equivalent to the method described here. Subsampling is

able to approximate the distribution of kernel based intensity density estimates

correctly. If our goal is to estimate the intensity function itself and assume that

it has period 1 and observations are collected up to time t; correct results are

obtained by multiplying the kernel density estimate by N=t; where N denotes

the total number of observations.
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