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Abstract

We consider the application of bootstrap and subsampling to cases
where biased statistics are of interest. A situation where such statistics
frequently occur, is in nonparametric estimation problems. We focus on
the case of nonparametric density/intensity estimation. An application
is the identification times of maximum arrival, for instance of ships in a
harbor.

1 Introduction

A frequent statistical goal is to approximate the distribution of some func-
tional R, = R, (X,,0,(P)) of the data X,, = (X1,...,X,) and some param-
eter sequence 6, (P). This is useful when constructing confidence and predic-
tion intervals, doing hypothesis tests, among others. For instance, a confi-
dence interval for the parameter 6, (P) = 6(P) = EpXj, for ii.d. real val-

ued random variables X1, ..., X, can be obtained by approximating the distri-
bution of R, (X,,0(P)) := nl/zX";if(P), where X,, is the sample mean and
Sp = [ 3L (X; — Xn)?]'/? the sample standard deviation. Obviously

P(—y < R, <7) = 1—a implies that [X,, —7\5/—%, X, +7\S/—"ﬁ] is an 1 — a confi-
dence set. Alternatively, confidence intervals could be based on the a trimmed
mean

n—|an]|

= 1
Xna = n—2lan| Z X

i=|an]|

instead of X,,. An approximation of the distribution of
R,(X,,,0(P)) :=n'? (X, o — 0(P))

leads to confidence interval based on the trimmed mean.

As elaborated for instance in Beran and Ducharme (1991), the bootstrap
approximation of the distribution of R, (X, 0,(P)) is given by the distribution
of

R:L,n = Ry (X3, 00 (Fn)),



where P, is an estimate of P and X} is a sample of size n from P,. If P, is
chosen to be the empirical distribution function, the resulting approximation is
called nonparametric bootstrap. Alternative estimates of P, like a smoothed
version of the empirical cdf or a parametric estimate of P lead to different types
of bootstrap. Furthermore, if 8,,(P,) is not well defined in a problem, it is often
replaced by a suitable estimate of 6,,(P).

Bootstrap is said to “work”, if the asymptotic distribution of R, (X,,8(P))
is reproduced correctly, as n — oo. This is a minimal condition for the ap-
plicability of bootstrap, stating that the distribution estimated by bootstrap
approaches the correct distribution as the sample size increases.

Unfortunately there seems to be no easy to check, generally applicable rule
to find out whether bootstrap works in a particular situation. However, several
examples have been found where bootstrap fails, and classes of functionals and
distributions have been identified where the bootstrap is known to work. (See
for instance Bickel et al. (1997).)

An example where the bootstrap fails, is for the family of distributions P =
{P : EpX < oo} when the goal is to estimate |#(P)| with §(P) = EXy,
and P is such that Ep(X) = 0. Consider the functionals R,(X,,8(P)) =
Vn(|X,| = |6(P)]). Then, with Z ~ N(0,02[X1]), Rn(X,,0(P)) converges in
distribution against |Z]. The bootstrap approximation R} (X,,0(P,)), on the
other hand, converges weakly against |Z* + Z| — |Z|. (See Beran & Srivastava
(1985), Diimbgen (1993).)

Subsampling (also known as m-bootstrap) provides an alternative to boot-
strap that is known to work under much weaker conditions than bootstrap does.
When subsampling is done, the distribution of R,,(X,,,8,(P)) is approximated
by that of

R:n,n = Rm(X:nv em(Pn))v

where X7 is a sample of size m from P,.
Subsampling can be done with or without replacement. Politis and Romano
(1994) show that for a sequence of functionals of type

Ry (X, 0(P)) = ma(8(Pn) — 0(P)),

weak convergence of R,, against some nondegenerate limiting distribution £(P)
is sufficient for subsampling without replacement to work, provided that 7, —
00, m — oo and m/n — 0. Often subsampling also works when done with
replacement. A detailed discussion concerning consistency and advantages of
bootstrap and subsampling with and without replacement can be found in Bickel
et al. (1997).

2 Bootstrap and Subsampling in the context of
nonparametric estimation problems

Here we focus on resampling applied to density and/or intensity estimation.
Intensity functions occur in the context of inhomogeneous Poisson processes,



applications include arrival and departure times of ships etc. Nonparametric
estimates have been proposed by several authors, including Diggle (1985), Diggle
and Marron (1988), and Leadbetter and Wold (1983). See Figure 1 below for
an example involving an estimated intensity function.
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Figure 1: Estimated intensity function for ships arriving at Keelung harbor
(Taiwan) in January.

Estimating intensity functions is related to the problem of estimating prob-
ability densities. To see this, we will state the problems more formally. When
estimating intensities, we assume to have a random number N of observations
Xi,..., XN from an inhomogeneous Poisson process X (t) with intensity func-
tion A on some time interval. To avoid trivialities, assume that A is positive at
least on some interval. Then the intensity density A* is related to the intensity
function via

A(z)

———— 0<t<
Jo As) ds

Since conditionally on N = n, the jump points X; have the same joint distribu-
tion as the order statistics of a sample of n independent observations X1, ..., X,
from density A*, the problems of intensity and density estimation are related.
Indeed, intensity functions can be estimated in two steps. First estimate \*
by using a kernel density estimate and then estimate a normalizing constant
(the cumulative intensity). An asymptotic analysis of the behavior of intensity

A (z) =



estimates is possible in two ways. It might either be assumed that the intensity
function is periodic and that the number of observation periods increases. Or,
more technically, one might assume that there is a sequence of unknown inten-
sities A\; = [ for some density p and let I — co. Both approaches lead to similar
results, but we will focus on the first approach involving periodic intensities.

In nonparametric estimation problems, bias is typically non-negligible. Con-
sider for instance a distribution P with twice differentiable density f whose sec-
ond derivative is bounded. The classical kernel density estimate on IR? for a
sample of X, X, ..., X,, of size n is given by

. " - X;
i=1

Assume that the bandwidth h is chosen of optimal order h = en~ V@44 Tt ig
then well known that 7,,[f.(z) — f(z)], with

= (fn<m>fK2(u> du)‘” 2
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has an asymptotic normal N (s, 1) distribution, with v; = ¢!

@

Ve = f(m)/Kz(u) du

and
1

B, = 3 Z Do‘f(;r)/u“K(u) du.

=2

(See for instance Rosenblatt (1991).) Thus the bias does not vanish asymptoti-
cally.

As pointed out by Hall (1992), the bootstrap fails in this context, unless the
asymptotic bias is zero. To see why, consider the functional

whose distribution is of interest when constructing confidence sets. As shown
above, R,, converges in distribution to a normal N(vf,1) distribution. The
bootstrap version is

R

with f7(2) = 7k S, K (2
with replacement of size n. Since

n = Talfn@) = fal@)],

=7,
Xr * * *
i ) calculated from a resample X7, X5, ..., X,

R, = 7l(fi@) ~ B fi@) + (B fi(@) - fu@))] = 2ulfi(0) - B fi(@)],

we see that R — N(0,1) in distribution.



Subsampling on the other hand gets the bias right, irrespectively whether it
is done with or without replacement. To see why, notice that the subsampling
version of R, is given by

~

Ry = Tl founn @) = fu(@)],

Form m

; -x7\ .
where fy, , (2) = mlT; Y K (x . ) is based on a resample X}, X5, ..., X}
of size m. Now

Ry = o lfonn @ =B frp @)+ 3500 B fr (@) = ful@)]
= Um7n + Um7n~

Since Up,,n, — N(0,1) in distribution, the bias is approximated correctly, if
Un,n = 7¢ in probability. But this follows since

U = 2 [(Bfn(@) = 1)) + (B (&) ~ Bfon(a)) + [(@) ~ Fu@)]
= Db 4 op(1),
Va

Le. subsampling works, if the rate-optimal bandwidth is adapted together
with the sample size.

Notice that whereas the classical nonparametric bootstrap does not work
in this situation, smoothed bootstrap provides another alternative that works
under suitable assumptions.

In the context of intensity estimation bootstrap faces the same bias problems
as described above. See Cowling, Hall and Phillips (1996) for details. Their
resampling method 3 is equivalent to the method described here. Subsampling is
able to approximate the distribution of kernel based intensity density estimates
correctly. If our goal is to estimate the intensity function itself and assume that
it has period 1 and observations are collected up to time ¢, correct results are
obtained by multiplying the kernel density estimate by N/t, where N denotes
the total number of observations.
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